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Abstract 

We prove the existence of holomorphic functions / denned on any open convex 
subset C C ra , whose partial sums of the Taylor developments approximate 
uniformly any complex polynomial on any convex compact set disjoint from 
£1 and on denumerably many convex compact sets in C n \Q which may meet 
the boundary d£l. If the universal approximation is only required on convex 
compact sets disjoint from 0, then / may be chosen to be smooth on d£l, that 
| is / € A°° ($7). Those are generic universalities. 
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1 Introduction 

Analysis is the study of limiting processes. Not every limiting process, of course, 
converges, but examples have been found where processes diverge in a maximal way. 
Such an extreme behavior is often linked with the phenomenon of universality. The 
present paper lies with multidimensional universality. 

The first universal series was observed by Fekete before 1914. He showed that there 
exists a formal real power series on [-1; 1] that not only diverges at every point different 
from but does so in the worst possible way. In 1951, Seleznev proved the existence 
of a (divergent) power series with universal approximation properties in C\{0}. In 
1970 and 1971, Luh and Chui and Parnes showed the existence of a universal Taylor 
series with non zero radius of convergence and universal properties outside the closure 
of the disk of convergence of the Taylor series ([1], [IE]). In 1987, Grosse-Erdmann 
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proved that all these universalities (and many others) were generic and, thus, the use 
of Baire's theorem could yield considerable simplifications in the proofs of the already 
known universalities (|Sj). Improved forms of universality results have been obtained by 
Nestoridis ([20], [21] and [22]), Melas and Nestroridis (pi] and [18]), Midler, V. Vlachou 
and A. Yavrian Q19J), and Nestroridis and Papadimitropoulos ([23]). Now, there is a 
systematic use of Baire's theorem in order to establish new generic universalities. 

The theory of universal Taylor series in several complex variables is difficult to 
be developed because of lack of general approximation theorems as Mergelyan's or 
Runge's theorem. Recently, Cloucitre ([5]) obtained Seleznev-type universal Taylor 
series in several complex variables. Now, the universal approximation is valid on any 
polynomially convex compact subset K GG C n that is disjoint from the origin. The 
Taylor series in [5] do not converge on any non-empty open subset of C n . 

In the present article, we prove the existence of holomorphic functions on any 
open convex subset f2 C C n , such that the partial sums of their Taylor development 
approximate any analytic polynomial P (z) on any convex compact set disjoint from 
Q and on countably many convex sets contained in C n \Q and possibly meeting the 
boundary dQ of Q. If we restrict our attention only on convex compact sets disjoint 
from Q, then the universal function / may be chosen to be smooth on dfl, that is 

/eA°°(fi). 

The key properties which make possible our proofs are Kallin's lemma and the 
Oka- Weil Theorem. 

Lemma 1.1 (Kallin's Lemma; see, for instance, [12] and [21]) Suppose K\ and K 2 
are polynomially convex subsets of C n , suppose there is a polynomial p mapping K\ 
and K 2 onto two polynomially convex subsets F\ and F 2 of the complex plane such that 
is a boundary point of both Fi and F 2 and with .^^1^2 = {0}. // p~ x (0) f] (K\ U K 2 ) 
is polynomially convex, then K\ U K 2 is polynomially convex. 

According to Kallin's lemma, if K\ and K 2 are two compact sets in C n and p a 
polynomial such that the polynomial convex hulls p (Ki) and p (K 2 ) are disjoint, then 
the polynomial convex hull K\ U K 2 of the union K\ U K 2 equals the union K\ U K 2 
of the polynomial convex hulls. Using Kallin's lemma and the fact that every compact 
convex set in C" is polynomially convex, one deduces that 

Lemma 1.2 The union Ki U K 2 of two disjoint compact convex sets K\ and K 2 
is polynomially convex. 

Then, application of the Oka- Weil theorem (see, for instance, [26J) guarantees that 

Lemma 1.3 Any holomorphic function h on an open set V D K\ U K 2 can be uni- 
formly approximated uniformly on K\ U K 2 by holomorphic polynomials, provided that 
K\ and K 2 are two disjoint compact convex subsets of C n . 
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Further, again by Kallin's lemma 



Lemma 1.4 If Q\ and Q% are two disjoint open convex subsets of C n , then Oi U ^2 
is a Runge domain. 

It follows that every holomorphic function f on U f2 2 may be approximated uni- 
formly on compact sets by a sequence of holomorphic polynomials. Hence, by Weier- 
strass theorem, we obtain the following. 



Lemma 1.5 There exists a polynomial Q approximating f uniformly on any prescribed 
compact set IcOiU^ and such that a finite set of partial derivatives D^Q approx- 
imate uniformly on L the corresponding partial derivatives D^'f of /, provided that 
Qi and f2 2 are two disjoint open convex subsets of C n and f is holomorphic in Q\UQ2- 



In this paper, the above facts from the theory of functions of several complex 
variables are combined with the abstract theory of universal series ([2], [23J). To do 
this, we fix any enumeration {Nj)j =Q 12 of N n and we order all monomials in the 
Taylor development of any holomorphic function using this enumeration. The universal 
approximation is carried out by partial sums of the form 



A 
3=0 

where 

z = (z 1 ,z 2 ,...,z n ), ( = (Ci, C2, • • • , Cn), Nj = (N jA , N j>2 , N j>n ), 
(z - (f j = ( Zl - d)^ 1 ...(z n - Cnf j ' n and 

(/ ' : {N hl )\...{N hn )\ dz ^... dz ^ f (0 • 

The abstract theory of universal series allows that, if we start by any infinite 
set M C N, then we can always require that all the indices Ajv, such that the cor- 
responding partial sum S\ N (/, £) (z) do the universal approximation, may be chosen 
in M; that is Xn £ M for all N — 1, 2, . . . . Therefore, choosing the enumeration {Nj)j =Q 1 2 
of N n properly and the infinite set M C PJ in a good way, we see that the partial sums 
realizing the approximation can take the form 

s Xn (/, c) (z) = a ^-,»n (/, C) (zi - (1Y 1 ...(*»- LY n 

V1+U2A hV„<T N 

or the form 

S Xn (f, (Z) = °»*.»<WH (f, C) (Zl - (lY 1 ...(Z n - CnY n - 

Ul+Ul + - + UI<T 2 N 
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Certainly the results given below are much more general. 

The abstract theory of universal series, which is used in the present article, is based 
on Baire's category theorem. For the role of Baire's theorem in Mathematical Analysis 
we refer to [9] and [TT] . 

Of course, a natural question which may now be asked is the following. Can our 
universality results generalize to more general domains and to more general compact 
sets in O 1 ? The general answer depends strongly on the polynomial convexity of a 
finite union of disjoint polynomially convex compact subsets of C n . In this direction, 
we recall some basic and elementary facts concerning unions of polynomially convex 
compact sets. 

(i) The union of a polynomially convex compact set and a finite set of points is 
polynomially convex (see, for instance Remark 4 in [25J). 

(ii) If K\ U K 2 is polynomially convex and compact, K\ f") K 2 = and K[ C K\ is 
polynomially convex and compact, then K[ U K 2 is polynomially convex (see, for 
instance Remark 4 in [23]). 

(iii) The union of a polynomially convex compact set and finitely many disjoint smooth 
compact curves in its complement is polynomially convex (|28j). Notice that the 
smoothness of the compact curves is an essential condition. For instance, there 
exist (non-smooth) arcs with non-trivial polynomial convex hulls: J. Wermer gave 
the first example of an arc in C 3 that is not polynomially convex ([30]). Further- 
more, the notion of polynomial convexity is not invariant under biholomorphic 
mappings. This phenomenon was first observed by J. Wermer (|31j). 

(iv) Let K be a compact set disjoint from the closed ball B. Assume that K is a 
finite union of disjoint polynomially convex sets. Then for every e > there is 
a compact set K € C K, such that B \JK e is polynomially convex and \K \ K e \ < e 
(see, for instance, Lemma 3.6 in [6]). 

Further, for three polynomially convex compact sets in C n , we also have the next 
promising result. If B\, B 2 and B 3 are three pairwise disjoint closed balls in C n then 
their union BiU B 2 U B 3 is polynomially convex ([H]). However, there exist three 
congruent, pairwise disjoint, closed polydisks Pi, P 2 and P3 in C 3 such that PiU P 2 UPz 
is not polynomially convex ([13]). Notice that Kallin's proof actually used polydisks 
parallel to the coordinate axes. This is, however, not possible in C 2 (see [27]). Another 
counterexample was proved in 1984 by A. M. Kytmanov and G. Khudaiberganov: there 
exist three congruent, pairwise disjoint, closed complex ellipsoids E\, E 2 and E 3 in C 3 
such that EiU E 2 U E 3 is not polynomially convex ([S], [To]). 

The first example of three pairwise disjoint compact convex sets in C 2 whose union 
is not polynomially convex was published by J.-P. Rosay in 1989: there exist three 
congruent, pairwise disjoint, convex closed limited tubes T\, T 2 and T 3 in C 2 such that 
T\ U T 2 U T3 is not polynomially convex. Here the limited tube in C 2 with base domain 
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Bel 2 and height M is the domain {(zi, z 2 ) G C 2 : (Re Zi, Re z 2 ) G B, \Im z x \ < 
M, \Im z 2 \ < M} (g7\). 

Finally, in 1996, U. Backlund and A. Fallstrom proved the last well known coun- 
terexample: There exist a positive integer k and three pairwise disjoint, closed sets 
Si, S 2 and S3 in C 3 all congruent to < (21, £2,23) GC 3 : \ Zl \ 2 + \z 2 \ 2 + \z 3 \ 2k < 1 

such that SiU S2US3 is not polynomially convex ([I]). Domains of the form {(z±, z 2 , 23) G 
C 3 : \zi\ 2 + \z 2 1 2 + I ^3 1 2A: < 1} have been studied by E. Bedford and S. Pinchuk ([3]). 

Summarizing, the union of three convex disjoint compact subsets of C n is not poly- 
nomially convex in general. This is an obstacle in order to obtain universal approxima- 
tion on more general compact sets which are not convex. However, in the last section of 
the present paper we state some weak universality results where the universal approx- 
imation is valid on finite unions of disjoint smooth curves. This is obtained for special 
domains 11 C C" as domains of definition of the universal functions not necessarily 
convex. 

2 Universalities in O (fi) 

Let SI G C n be an open convex set and let O (Q) the space of all holomorphic functions 
in Q. Let also ( G Q, £ = (Ci, C2, ■ ■ ■ , Cn), be a fixed point in Q. Every holomorphic 
function / G O (fl) has a Taylor development: 

fiz) = x; <** (/> c* - cr 

i/eN™ 

locally around (, where v = (v>i, u 2 , ■ ■ ■ , v n ) G W 1 and (z — Q v = (z\ — C1T 1 ■ ■ ■ (z n — ( n ) v 
Let Nj, j = 0, 1, 2, . . . be an enumeration of N n . Then / G O (Q) can be identified 
with the sequence 

Let 

A:={(a Nj (f,())°° =0 :feO(n) }. 

The space O (O) endowed with the topology of uniform convergence on compact subsets 
of Q is a Frechet space. A standard metric on O (Q) yields naturally a metric d on A, 
such that the map 

O (SI) 3 f ^ (a Nj (/, C))£ G A 
becomes a surjective isometry. Thus, (A, d ) is a complete space. It is easy to see that 

Proposition 2.1 

1) The projections 

A3 a = (aj)°^ i-> a k G C 
are continuous for every k = 0, 1, 2, ... 
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2) The set C OQ := {a = (a , cti, . . . , a^f, 0, 0, 0, . . . ) : M > 0} is contained in .4 

3) The set C OQ is dense in A (with respect to the metric d). 

The last statement is true, since, by the Oka- Weil theorem, the set of polynomials is 
dense in O (fi), for any convex open subset Q G C™ (see, for instance, [2"o]). 

Now let 6 C" be a compact convex set, such that K fl f2 = 0. Let also X 
be the space of restrictions of all polynomials on K endowed with the metric g in- 
duced by the supremum norm on K. Let finally Xj G X, j = 0, 1,2, ... denote the 
sequence Xj = (z — () J , where Nj is the enumeration of N n considered previously 
(j = 0, 1, 2, ...). Let also M be an infinite subset of N. 

Definition 2.2 We say that a numerical sequence 

a = (aj) G A 

belongs to the class 

w (M,(JVi)) 

of universal multiple series (with respect to the enumeration Nj of N n and the infinite 
set M C Nj, if for every P G X there exists a sequence 

(A™ e M) w=0>lj2i ... 

satisfying the following. 

i- y^-n — ► -P ^ n X, wzt/i respect to g. 

ii. V A ™nan e-i — ^ o-, with respect to d. 

J_u 3 J m-s-oo 

where Cj = (0, . . . , 0, 1, 0, . . . ) and 1 appears in the j th place. 

According to [2], [23], a necessary and sufficient condition to hold 

u (M,( Nj)) 

is that, for every P G X and every e > 0, there exists b = (b , 6 1; . . . , 6 M , 0, 0, 0, . . . ) G 
C 00 such that 

(A/ 
^fye,, 
j=0 

and 

5^6^-, Pj < e. 

Translating to our context, it suffices to show that, for each compact convex set L CC f2 
and any polynomial P (z) G X, there exists a complex polynomial Q (z) such that 
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su Pz&l \Q( z )\< e and su PzeK \Q 0) - p 0)1 < e - 

To do so, let us consider the compact set L U K. By Lemma 1.2, this is a polyno- 
mially convex compact set, as the union of two disjoint compact convex subsets of C n . 
The function 

r , , ts m r \ f 0, on L 

w : L U K C : z ^ w (z) = < „' 

[ P (z) , on K 

is holomorphic in a neighbourhood of L U K. From the Oka- Weil theorem, it follows 
that there exists a polynomial Q (z) such that 

sup z eLuK \w 0) - Q (z) | < e ([26]). 
Thus, sup zeL \Q (z)\ < e and sup zeK \Q (z) — P (z)\ < e. We infer 

upim + . 

Hence, according to [2] or [23], we have proved the following result. 

Proposition 2.3 Let M 6e an infinite subset of N. Lei C C" 6e an open con- 
vex set, ( G Q be fixed and K C C" fre a compact convex set disjoint from Q. Let 
also (Nj). Q12 be any enumeration of N n . Then there exists a holomorphic function 
f G O (Q) whose partial sums 

A 

Sx (/, C) (z) = ]T a Nj (f, (z - Q N > , A = 0, 1, 2, . . . 

3=0 

of the Taylor development of f around ( satisfy the following. 

For every holomorphic polynomial P (z), z G C n , there exists a sequence (A^r G M)^. 

'S'ajv (/) C) l- 2 ) ~~ -P I- 2 ) uniformly on K , as N — > oo 

and 

'S'aat (/) C) ( z ) ~^ f ( z ) uniformly on each compact subset of Q, as N — > oo. 

The set of all such functions f is a dense Qs subset of O (Q) and contains a dense vec- 
tor space except 0, where O (Q) is endowed with the topology of uniform convergence 
on compacta. 

Remark 2.4 Since, for any compact convex set K CC C n , the set of polynomials 
is dense in O (K), it follows that in Proposition 2.3 the partial sums S\ (f, () (z) ap- 
proximate uniformly on K any function holomorphic in any {varying) neighbourhood 
of K. This applies to all the results of the present paper. 
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Combining Proposition 2.3 with Theorem 3 in [2J, we can obtain a similar result 
simultaneously for all sets K in any denumerable family of compact convex subsets 
of C n disjoint from Q. In particular, if K is a compact convex set disjoint from Q, 
then it can be separated from Q using a hyperplane defined by a real linear functional 
with coefficients in Q. Thus, there exists a denumerable family of compact convex sets 
disjoint from Q containing all other such K's. Hence, we get the following result. 

Theorem 2.5 Let M be an infinite subset of N. Let Q C C n be an open convex 
set and (K m ) m=1 2 be a family of compact convex subsets of C n disjoint with Q. Let 
( G Q be fixed and let (Nj). =Ql2 be any enumeration of N n . Then there exists a 
holomorphic function f G O (O) such that the partial sums 

A 

Sx (/, C) (z) = a ^ (/» (z - C) Ni , A = 0, 1, 2, . . . 

3=0 

of the Taylor development of f around ( satisfy the following. 

For every compact convex set K CC C n which is disjoint from Q or it is equal to K m 
for some m = 1, 2, . . . and for every analytic polynomial P (z), z G C n , there exists a 
sequence (X N G M : N — 1, 2, . . . ) such that 

S\ N (/, C) (z) ~^ P ( z ) uniformly on K , as N — )■ oo 

and 

S\ N (/, Q (z) — > f (z) uniformly on each compact subset of Q, as N — >■ oo. 

The set of all such functions f is a dense Qs subset of O (Q) and contains a dense 
vector space except 0, where O (fi) is endowed with the topology of uniform convergence 
on compacta. 

Remark 2.6 If we allow the center of expansion ( to vary in Q, then, combining 
Theorem 2.5 with Theorem 3 in [2], we obtain the following stronger version of Theo- 
rem 2.5. For every compact subset L CC Q we have 

sup CeL>zeK \S XN (f,()(z)-P(z)\^0 

and 

sup CEL>zeL \S XN (f,C)(z) -f{z)\-> 

as iV — > oo. This result is also generic in the space O (O), provided that the open set 
Q C C™ is convex. 

Remark 2.7 For particular open convex sets Q C C™, the result of Theorem 2.5 
remain valid simultaneously for all compact convex sets K disjoint from Q. This is the 
case for instance if 

n = {z = (zx, . . . , z n ) G C n : Rezx > 0} . 



8 



3 Universalities in A°° (fi) 

Let H C C" be an open convex set. A holomorphic function / G O (Q) belongs to 
A°° (Q), if every order's partial derivative of / extends continuously on Q. 

We endow A°° (Q) with the topology of uniform convergence of any order's partial 
derivatives on each compact subset of Q. It is well known that A°° (Q) is a Frechet 
space. 

Proposition 3.1 The set of polynomials is dense in A°° (fl), for every convex open set 

n c c n . 

Proof Without loss of generality, we may assume that 6 fi. If / G A°° (Q) and 
< r < 1, we denote by f r the function f r (z) = f (rz) which is holomorphic in an 
open neighbourhood of Q. We can easily cheek that f r — > f in A°° (Q) as r — > 1. Thus, 
/ can be approximated in the topology of A°° (Q) by some f r , < r < 1. Since f r 
is defined in an open neighbourhood of f2 and f2 is convex, it follows easily that f r 
may be approximated in the topology of A°° (fl) by polynomials 0(see, for instance, 
Theorem 4.12.1, page 143, in [7]). Thus, the set of polynomials is dense in A°° (O), for 
any C C n being an open convex set. 

According to [2], in order to establish existence of universal Taylor series in A°° (fl), 
it suffices to prove the following. 

Lemma 3.2 Let Q C C n fre an open convex set. Let K CC C n 6e a compact 
convex set disjoint from Q and let P (z) be a holomorphic polynomial on C n . Let also 
< 5, e < oo. Let $ be a finite set of symbols of partial derivation. Then there exists 
a holomorphic polynomial Q (z) such that 

su Pzgk \Q ( z ) - P{z)\ < e and su Pzenf]D(oW) \ D ^Q ( z )\ < e f or al1 £ e 

Here 



•D(0;5) = {z G C n : \\z\\ < 5} and 

• (p^Q) and (D^P) denote partial derivatives of Q and P respectively, that come 
from the same symbol 

D (t) = ^+-+^/dz[ 1 . . .dz e n ") , £=(£ 1} ...,e n ). 

Proof We remark that, since K and Qf]D (0;S) are disjoint compact convex sets 
in C n , we can find disjoint open convex sets Qi, Q2 C C n such that U D (0; 5) C Oi 

1 A compact polynomially convex set K C C™ admits a basis of pseudoconvex neighbourhoods 
(f2i/)j, eN that are Runge in C n , in the sense that the algebra of polynomials V is dense in every 
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and K C fi 2 . It is easily seen that Q x U ^2 is a Runge domain. Let us consider the 
holomorphic function 



w : ^ U{1 2 -> C:w(z) := ( °' ^ ^ 

L P(z) , on iZ 2 . 



There exists a sequence of polynomials Qk, k — 1,2, ... converging to if uniformly on 
compact subsets of f2i Uf2 2 . Since fl\ UQ2 is open, Weierstrass theorem applies. Thus, 

uniformly on every compact subset of fl\ U Q2, whenever I = (£\, . . . , £ n ) G N n . There- 
fore, there exists a &o G N such that, for all i in the finite set $ we have 

SU PzeK \Q ( Z ) ~ P ( Z )\ < e anC ^ SM P 2 gS]n P(0;i) 

where Q = Qk ■ 

Combination of Lemma 3.2 with Theorem 3 in [2], gives the following result. 

Theorem 3.3 Let M be an infinite subset of N. Let Q C C n be an open convex 
set and ( G H. Let also {Nj)- =Q12 be any enumeration of W 1 . Then there exists a 
holomorphic function f G A°° (Q) such that the partial sums 

s> (/, (z) = eU **, (/, (z - o Nj = EU ( w , ..V J .n).^^ / ) (0 (* - o Nj 

A = 0, 1, 2, . . . satisfy the following. 

For every compact convex set K CC C n which is disjoint from Q and every holo- 
morphic polynomial P (z), z G C n , there exists a sequence (Xn G M : N — 1, 2, . . . ) 

[S'ajv (/, C)] (z) — > P (z) uniformly on K, as N — > 00 

and 

[DW [S\ N (/, C) (-2)]) ~~ ^ (D^f{z)) uniformly on each compact subset of Q, as 
N -»■ 00, /or every £ = (4, • • • , 4) G N n . 

tfere S A (/, C) 0) = £ - =0 <H (/, (* - 0^ with 

1 d N i' 1+ '" +N i> n f 

r ' V (/ ' = (.\; ; ,)!...(.V,,)!,/:^ : ...,A: ( V - (0 

and i/ie ajy,- (/, C) are well defined even for ( G dQ, by the continuity of every 
on f2. T7ie set of all such functions f is dense and Qs in -A 00 (&) CLnd contains a dense 
vector subspace except 0. 
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Combining Theorem 3.3 with Theorem 3 in [2], we obtain the following. 



Corollary 3.4 Let M be an infinite subset of N. Let Vt C C n be an open convex 
set. Let also (Nj) =012 ^ e an U enumeration of N n . Then there exists a holomorphic 
function f G A°° such that the following hold. 

For every compact convex set K CC C n disjoint from Q and every holomorphic 
polynomial P{z), (z G C n ), there exists a sequence (X N G M) Af=12 with the following 
properties. For each compact set L C Q, we have 

su P(eL, zeK \ S \n (/,C) 0) ~ p ( z )\ ^0 as N ->■ +oo 

and 

sup CeL) zeL \D& [S Xn (f, C)] (z) - £> W / (z) I -> as iV -> +oo 
whenever £ = (£ 1 , . . . ,£ n ) G N n . i/ere 

A 



^a (/, C) (*) = E ^ (/. (* - 

j=0 



A', 



1 ^',l+- + ^',n J 

r ' V (/ ' = (iV^)!-.. (.V,v)!/h^'...^' (0 

and the a N (/, C) are we// defined even for ( G <9fi, 6y #ie continuity of every 

D m f 

on Q. The set of all such functions f is dense and Qs in A°° (fl) and contains a dense 
vector subspace except 0. 



4 Further Results 

Since the disjoint union of a polynomially convex compact set with a finite number of 
smooth compact curves in its complement is polynomially convex (|28j). our method 
yields the following 

Proposition 4.1 Let Q C C n be an open set such that Q — IT and Q is a polynomially 
convex compact set. Let P°° (Q) be the closure in A°° (Q) of the set of polynomials. 
Let also M C N be an infinite set and {Nj)^ =(jl2 be an enumeration of N n . Let also 

(K m ) m=1 2 be a sequence of compact subsets of Q° , such that each K m is a disjoint 
union of a finite number of smooth compact curves. Then, there exists a holomorphic 
function f G P°° (Q) such that, for every m G {1, 2, ... } and every analytic polynomial 
P, there is a sequence (Xn G M) iV=12 such that 

«*PC6H, *eK m \D (e) [S Xn (/,()] ~ D®P{z)\ ^OasN^+oo 
and 
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\D® [S Xn (f, 0) (z) - D®f (z) | as N -> +00 
/or every derivation symbol £ = (£\, . . . , £ n ) G N n . 

TTie set 0/ a// sttca functions f G P°° (fi) is a dense and Q$ subset of P°° (O) and 
contains a vector space except 0. 

To give another application of our method, let us recall a well known result by G. 
Henkin. 

Lemma 4.2 ([10]; see also Theorem 2.1 in page 280 of [26]) Let flcC" be a strictly 
pseudoconvex open domain with C 2 boundary. Then the functions which are holomor- 
phic in a neighborhood of Q are dense in the algebra A (O) with respect to the supremum 
norm of Q. 

In view of Lemma 4.2, our method yields immediately the following. 

Corollary 4.3 Let Q C C n be a strictly pseudoconvex domain with C 2 boundary. 
Suppose Q is a polynomially convex compact subset of C n . Let M C N be an infinite 
set and (Nj)- 012 be an enumeration of N n . Let also {K w ) m=X2 be a sequence of 

compact subsets of ff , such that each K m is a disjoint union of a finite number of 
smooth compact curves. Then, there exists a function f e A (O) such that, for every 
m£ {1,2,...} and every analytic polynomial P, there is a sequence (Aat G M) 7V=1 2 
such that 

for every compact set L C Q the following hold 

su PceL , z€Km \DM [S Xn (f,C)} (z) - D^P(z)\ -> as N -> +00 
for every derivation symbol £ = (£1, . . . , £ n ) G N n 

and 

su PceL, zeu\[S*N (/> C)] (z) — f (z)\ -> as N -> +00. 

The set of all such functions f G A (fl) zs a dense and Qs subset of A (fl) and 
contains a vector space except 0. 

Proposition 4.4 Let C C" fte an open set which admits an exhausting family 
of compact sets, which are polynomially convex. Let M C N be an infinite set and 
(Nj) =012 be an enumeration of N n . Let also {K m ) m=12 be a sequence of compact 
subsets of such that each K m is a disjoint union of a finite number of smooth com- 
pact curves. Then, there exists a holomorphic function f G O (ft) such that, for every 
me {1,2,...} and every analytic polynomial P, there is a sequence (Xn G M) jv=1 2 
such that 

for every compact set L C Q the following hold 
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«*P C €i, zeK m \D W [S Xn (/, C)] (z) - D&P (z) | -> as iV +00 

and 

s«p CeZi a6L |DW [S Ajv (/,C)] («)-DW/(^)|-^0 05 JV-^+oo 
/or every derivation symbol £ = (£\, . . . ,£ n ) G N n . 

T/ie se£ 0/ a// such functions f G O (ft) is a dense and Q$ subset of O (Q) endowed 
with the topology of uniform convergence on compact subsets of Q and contains a vec- 
tor space except 0. 

Corollary 4.5 Let Q C C n be an open set. Suppose g : Q — >■ C is a continuous plurisub- 
harmonic exhaustion function for Q so that each sublevel set Q c = {z G Q : g (z) < c} 
is relatively compact in Q. Let M C N be an infinite set and {Nj). =Q12 be an enu- 
meration of N n . Let also (K m ) m=12 be a sequence of compact subsets of Q c , such 
that each K m is a disjoint union of a finite number of smooth compact curves. Then, 
there exists a holomorphic function f G O (Q) such that, for every m G {1, 2, ... } and 
every analytic polynomial P, there is a sequence (Xn G M) 7V=12 such that 

for every compact set L C Q the following hold 

su P(eL , zeKm \D^ [S Xn (/,()] (z) - D^P (z)\ ^ as +00 

and 

sup CeL> zeL \D® [S Xn {f, C)] (z) - DWf (z) I as N -> +00 
for every derivation symbol £ = (£1, . . . , £ n ) G N n . 

The set of all such functions f G O (Q) is a dense and Q$ subset of O (Q) endowed 
with the topology of uniform convergence on compact subsets of Q and contains a vector 
space except 0. 

Proof It is well known that each region Q c is a Runge domain (see, for instance, 
Theorem 1.3.7, page 25, in [29]). Since every Runge domain can be exhausted by 
polynomially convex compact sets, the open set flcC™ admits an exhausting family of 
compact sets, which are polynomially convex. Application of Proposition 4.4 completes 
the proof. 
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